Introduction
The Catalan numbers C n = (2n)! n! (n + 1)! are well-known integers that arise in many combinatorial problems. The number (2n)! n! (n + 2)! need not be an integer, but 6 (2n)! n! (n + 2)! = 4C n − C n+1 must be. More generally, we might consider generalized Catalan numbers of the form J r (2n)! n! (n + r + 1)! where J r is chosen so that this quantity is always an integer. It turns out that we may take J r = (2r + 1)!/r!.
Many of the properties of the Catalan numbers generalize easily to the ballot numbers k 2n + k 2n + k n , which reduce to the Catalan numbers for k = 1. For a recent exposition of the basic combinatorial properties of the Catalan and ballot numbers, with many references, see Hilton and Pederson (1991) . Our generalized Catalan numbers also have ballot number analogs, which we call super ballot numbers. They may be given by the formula g(n, k, r) = (k + 2r)! (k − 1)! r! (2n + k − 1)! n! (n + k + r)! .
For r = 0 they reduce to the ballot numbers. An intriguing problem is to find a combinatorial interpretation for them. Although we do not find such a combinatorial interpretation, we do find many interesting properties of these numbers. One of the most surprising is that they are closely related to the coefficients of (1 − x − y − z + 4xyz) −1 , which have been studied by several authors: Askey (1975) , Askey and Gasper (1977) , Gillis and Kleeman (1979) , Gillis, Reznick, and Zeilberger (1983) , , Ismail and Tamhankar (1979) , and Zeilberger (1981) .
Many of the proofs are omitted or only sketched. Once the formulas are found, the proofs are usually straightforward computations, and in fact, if we start at "the right place" nearly all the formulas can be proved quite easily. However, finding the right place to start is the most interesting part of the journey.
Most of the results of this paper were found with the help of the Maple symbolic algebra programming language.
Some Calculations
It is well known that (m + n)! is always divisible by m! n!; the quotient is the binomial coefficient m+n n which counts m-element subsets of an (m + n)-element set. It is not true in general that (m + n)! is divisible by (m + 1)! n!. However if m = n the quotient is the Catalan number C n = 1 n+1 2n n . We can see that C n is an integer by expressing it as a difference of two binomial coefficients:
We might ask if (2n)!/(n + 1)! 2 is always an integer, but its denominator will clearly be divisible by n + 1 if n + 1 is a prime, and thus there is no K such that K(2n)!/(n + 1)! 2 is an integer for all n. The quotient (2n)!/n! (n + 2)! is more interesting: n 0 1 2 3 4 5 6 7 8 9 10
(2n)! n! (n + 2)! 1/2 1/3 1/2 1 7/3 6 33/2 143/3 143 442 4199/3
It seems that the denominators are always 2 or 3, so
is apparently always an integer. Let us now try (2n)!/n! (n + 3)!: n 0 1 2 3 4 5 6 7 8 9 10
(2n)! (n + 3)! n! 1/6 1/12 1/10 1/6 1/3 3/4 11/6 143/30 13 221/6 323/3
Apparently 60 (n + 1)(n + 2)(n + 3)
is always an integer. We could prove these observations, and even more precise divisibility results, by using the well-known formula for the power of a prime dividing a factorial. For example, we can show not only that (2) is always an integer, but that it is even unless n + 2 is a power of 2 and that it is divisible by 3 unless n is congruent to 1 modulo 3. However, we set off in a more combinatorial direction by generalizing (1).
Super Ballot Numbers
It is straightforward to check that
and
Thus (2) and (3) are integers. To find the pattern, it is useful to consider a generalization. It is well known that the Catalan numbers are special cases of the ballot numbers, which for now we normalize as
Note that (6) reduces to a Catalan number for k = 2 and to the negative of a Catalan number for k = 0. The ballot numbers are integers since
To find ballot generalizations of (4) and (5), I used Maple to find coefficients c i (rational functions of k which are independent of n) satisfying
then multiplied through by the denominators to yield a polynomial identity in k. I found the following formulas:
and so on. It is not completely clear from these examples what the general formula is, but by working out a few more cases, we guess that
where
(The sum here is written in the reverse of the order of (7)- (9) since it comes out simpler this way.) We note that for k ≥ 2r, A r,i may be expressed as
and the right side of (10) may be written
Once we have found (10), it is not difficult to derive it from known identities for hypergeometric series: if k ≥ 2r then the left side of (10) may be expressed as
Here we are using the standard notation for hypergeometric series
where (a) n is the rising factorial a(a + 1) · · · (a + n − 1). (To be precise, we should take a limit as k approaches an integer value in the 4 F 3 in (11), to take care of the problem of negative denominator parameters.) The hypergeometric series (11) is a terminating form of the well-known "verywell-poised 4 F 3 (−1)" and can be evaluated by formula (3), page 28, of Bailey (1972) which gives
from which (10) follows easily. Since both sides of (10) are polynomials in k, and they are equal for infinitely many values of k, they must be identically equal as polynomials in k.
The left side of (10) is clearly an integer, and the right side of (10) is positive for k ≥ 2r, so these numbers are positive integers. We shall see that in fact f (n, k, r) is divisible by (r − 1)!. By further manipulation we find the formula
in which the right side is an integral linear combination of ordinary ballot numbers. Thus the numbers
are positive integers. We call these numbers the super ballot numbers.
(To be precise, we interpret (2n + k − 1)!/(k − 1)! as (k) 2n ; i.e., if k = 0 and n > 0 then this factor is 0, but if k = n = 0 it is 1.) We have
is divisible by (r − 1)! as claimed. In terms of hypergeometric series, the right side of (13) is
Notice that this hypergeometric series is, up to normalization, the same one that appears in (10). By further manipulation of (13) we can derive a generating function for the super ballot numbers. Let c(x) be the generating function for the Catalan numbers, so that
We shall give a more direct derivation of (15) in Section 5. It is clear from these generating functions that the super ballot numbers are integers, but not that they are positive. If the factor of (1 − 4z) −1/2 is removed, the resulting generating function is symmetric in z and x, but has some negative coefficients.
The Coefficients of
For some purposes, the ballot numbers are more conveniently normalized as
where for the moment we take B(0, 0) = 0. The "combinatorially significant" ballot numbers are those for which b > a, but extending the definition to all nonnegative integers a and b has some advantages; in particular there is the simple rational generating function (what MacMahon called a "redundant generating function," since it contains terms other than those which are combinatorially significant)
and the closely related recurrence
where we take B(a, b) to be 0 if a or b is negative. This suggests normalizing the super ballot numbers similarly. Before doing so, we note that (16) is ambiguous for a = b = 0, since the right side becomes 0 · (−1)!/0! 2 . Since (16) is skew-symmetric in a and b for all other values of a and b, it seems natural to define B(0, 0) to be 0, as we did above. However, it will be useful to take B(0, 0) to be 1, which we would get by first setting a = 0 in (16), then simplifying and setting b = 0.
We may tentatively define B (a, b, c) , at least for b > a + c, by
We may note that if a and c are fixed, then for sufficiently large b the right side of (17) is a polynomial in b. We may therefore define B (a, b, c) for all nonnegative integers a, b, and c by making it a polynomial in b for all nonnegative values of b, with a and c fixed. This is most easily accomplished by defining B (a, b, c) in two cases, depending on whether a > c or a ≤ c. We define
It is convenient to define B(a, b, c) to be 0 if any of the parameters is negative. We note that although B(a, b, c) is "well-behaved" in the region in which (17) holds, and also for fixed a and c as a function of b, it is "discontinuous" for fixed b as a function of a and c. In particular, for b = 0 we have
The reader should consult the tables of B (a, b, c) at the end of this paper to see the pattern of zeros, symmetry, and skew-symmetry that follow from our definition. It is straightforward to check that "formally" (i.e., using the definition (17), and without checking boundary conditions) B(a, b, c) satisfies the remarkably simple recurrence
B(a, b, c)−B(a−1, b, c)−B(a, b−1, c)−B(a, b, c−1)+4B(a−1, b−1, c−1) = 0. (18)
Using the complete definition we find that the precise recurrence is 
It follows that the generating function for B(a, b, c) is given by
Equation ( 
may be helpful in understanding the super ballot numbers. Askey (1975, pp. 52-54 ) (see also Askey and Gasper, 1977) proved that N (a, b, c) is positive by using a 3 F 2 (1) transformation to express it as a sum of positive terms. In fact, this approach yields the formula
From (21) we deduce the generating function
Once we have (22) we can easily prove it directly: multiplying both sides of (22) by 1 − x − y − z + 4xyz and equating coefficients reduces the verification of (22) to (18), with appropriate boundary conditions. This also gives a new proof that the coefficients of (1 − x − y − z + 4xyz) −1 are nonnegative. For some related positivity results, see Askey and Gasper (1977) , Gillis and Kleeman (1979) , Gillis, Reznick, and Zeilberger (1983) , , and Ismail and Tamhankar (1979) . Some of these papers express the numbers N (a, b, c) of (20) as differences of cardinalities of certain sets of multiset permutations. Zeilberger (1981) found an expression of N (a, b, c) as a difference of cardinalities of certain sets of words. Her, there is no direct combinatorial interpretation known for N (a, b, c) as a cardinality, rather than a difference of cardinalities.
The special case c = 0 of (21),
has a simple combinatorial interpretation: There are a+b a paths in the plane from (0, 0) to (a, b), using unit vertical and horizontal steps. If we count them according to their last intersection with the main diagonal, we obtain the right side of (23): There are 
Partial Fractions
The generating function (15) may be written in terms of B (a, b, c) as
We now use partial fractions to derive (24) from (22), which as we saw, has a simple direct proof. Although we could substitute x = u/y and z = v/y in (22) and then do a partial fraction expansion on y, the algebra is somewhat simpler if instead we substitute x = (u − u 2 )/y and z = (v − v 2 )/y. We then recover x and z by substituting u = xyc(xy) and v = zyc(zy). We find that
Then (24) follows, as does its companion
By (22), we can obtain the analogous partial fraction decomposition for (1 − x − y − z + 4xyz) −1 simply by dividing (25) by √ 1 − 4xy; however, if we mimic the derivation we are led to consider the power series
Its coefficients seem to be nonnegative, though I do not have a proof. If proved, this would be a stronger result than that the coefficients of (1 − x − y − z +4xyz) −1 are nonnegative, since the coefficients of (1 − x − y − z + 4xyz) −1 are obtained by substituting power series with positive coefficients for u and v in (27).
Super Catalan Numbers
E. Catalan (1874) stated that the numbers
are integers. 1 For further references to the nineteenth century literature, see Dickson (1966, Volume 1, pp. 265-266) .
It is easy to prove that these numbers are integers by considering the power of a prime dividing a factorial. However, our interest lies in more combinatorial approaches.
We note that S(1, n)/2 is the Catalan number C n , S(2, n)/2 = 6 (2n)! n! (n + 2)! and more generally, for m ≥ 1 S(m, n)/2 is the super ballot number g(n, 1, m − 1). Thus we shall call the numbers S(m, n) super Catalan numbers. In this section we discuss some of their properties, and in particular, we give several formulas expressing S(m, n) as sums of integers that do not seem to extend to the general super ballot numbers. First we have the identity of von Szily (1894) (see also Gould,1972, identity (3.38) 
where the sum is over all integers k (not just nonnegative). It follows from von Szily's identity that S(m, n) is an integer. Von Szily's identity is easy to prove: by equating coefficients of
If we multiply both sides of (30) by (−1) m (2m)! (2n)!/(m + n)! 2 and simplify, we obtain (29). It may be noted that the right side of (29) is (−1) m times the constant term in
(
To find another identity for the super Catalan numbers, we start from the easily verified formula
a, bétant deux nombres entiers quelconques, la fraction
estégaleà un nombre entier.
In a footnote Catalan refers to his paper Sur quelques questions relatives aux fonctions elliptiques, seconde Note (Académie des Nuovi Lincei , 1873) and his book Recherches sur quelque produits indéfinis (Gauthier-Villars). I have not seen these works. from which it follows that S(m, n) is the coefficient of
which also shows that S(m, n) is an integer. More interesting than (29) and (31) is the identity
since (32), together with the initial value S(0, 0) = 1 and the symmetry S(m, n) = S(n, m), implies that S(m, n) is a positive integer without reference to the explicit formula (28). Thus in principle, (32) gives a combinatorial interpretation to S(m, n), although it remains to be seen whether (32) can be interpreted in a "natural" way. It is not too difficult to find combinatorial interpretations for (32) in the cases m = 0 and m = 1 using the usual interpretations for S(m, n) in these cases; see, for example, Shapiro (1976 
Now multiplying both sides of (33) by p! (2m)!/m! (p + m)! and simplifying yields (32).
There is a generalization of (32) to the super ballot numbers, though not a completely satisfactory one:
which can be proved by substituting p − k + 1 for p and k + r for m in (33), then multiplying both sides by p! (k + 2r)!/(k − 1)! r! (p + r + 1)!. Unfortunately, the numbers on the right side of (34) are not in general super ballot numbers, though they are evidently positive integers and may be worth further study. From (15) we can easily derive a generating function for S(m, n): S(m, n)x m y n = 1 x + y − 4xy
which is, of course, equal to (35).
A Combinatorial Result
Let r be a fixed positive integer, and let us consider the problem of finding a positive integer K r such that K r n + r 2n n is an integer for every n. As we shall see, we may take K r = 
it is the number of paths in the plane with unit horizontal and vertical steps from (0, 0) to (n+r, n+r −1) that never touch any of the points (r, r), (r +1, r +1), . . . . To prove this, let P (n, r) be the number of such paths. Let m be a nonnegative integer. Then of the 
and (39) determines P (n, r) uniquely. So to prove that P (n, r) is given by (38) 
but this identity is an instance of the Pfaff-Saalschütz theorem (Bailey, 1972, p. 9) . Alternatively, (40) is easily derivable as the partial fraction expansion in r of 2m + 2r m + r r 2r r = 2 2m (r + 1/2) m (r) m+1 .
